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An analytical and experimental investigation is presented in the 
area of magneto-thermoelectricity, in particular the area of refrigera-
tion or heat pumping. 
The analytical portion of the investigation concerns the energy 
transfers resulting from the interaction of magnetic fields and electri-
cal currents. The application of alternating currents, and consequently 
alternating magnetic fields, imposes, many new phenomena not normally 
associated with direct current devices. 
The analytical equations are developed from the theory of irre-
versible thermodynamics. Equations are determined for the temperature 
profiles, the Nernst-Ettinghausen and Fourier heat transfers, and coef-
ficient of performances for heat pumps. Induced electric and magnetic 
polarization phenomena are considered in the analytical treatment and 
are shown to be negligible for the metal bismuth at low alternating 
frequencies (60 cycles per second). Introducing the induced currents in 
the expression for the total electric current reduces the alternating 
current equations to the direct current equations. 
The analytical curves show that the temperature profile within 
the heat pump is greatly affected by an applied magnetic field. This 
temperature profile is used to calculate the quantity of Nernst-
Ettinghausen heat, which is a function of the absolute temperature. 
Whereas, the gradient of the temperature profile is used to calculate 
the Fourier mode or conduction heat transfer. 
IX 
An experimental apparatus was constructed to evaluate temperature 
profiles and heat transfers. The apparatus consisted of two separate 
electrical circuits, one for controlling the working electric current 
density through the test specimen and the second for control of the 
magnetic field strength. The test specimen represented the analytical 
model in every respect except for infinite length. Provision was made 
to eliminate thermal end effects by controlling the end temperatures. 
This was accomplished by water cooling the electric lead to bismuth 
interface of the test specimen. 
Thermocouples were cast into the test specimen at time of con-
struction and were used to measure the temperatures within the test 
sample and also the boundary conditions. The boundary conditions were 
maintained by a water cooling system. Thermocouples were also used to 
measure the exterior surface heat transfer by denoting the temperature 
difference in water circulating through the water jacket. 
The electric working current was generated by large stepdown 
type transformers and the magnetizing field current was furnished by a 
variable transformer in series with a large industrial welding trans-
former. The electric working current could be varied from 0 to 1000 
amperes. Also the induced magnetic field current had a range of 0-8000 
amperes which permitted magnetic field variations from 0-1.2 kilogauss. 
The test specimen was a long right circular cylinder constructed 
from reagent pure bismuth (99.98 per cent). The dimensions of the test 
specimen were: inside radius equal to 0.0127 meter, outside radius 
equal to 0.0254 meter and the length equal to 0.0762 meter. 
X 
Experimental data and analytical curves show very good agreement 
for the tests conducted. Experimental data points verify that 
the theory of irreversible thermodynamics can be expected to yield good 
results. The total experimental error is considered less than ±20 per 
cent. Of this, the systematic error is approximately ±15 per cent. 
The results of this investigation show that alternating current 
Nernst-Ettinghausen heat pumps are possible, however they are not as 
practical as direct current heat pumps. The coefficient of performance 
for both alternating current and direct current heat pumps were compared 
and the results indicate that the effect of the eddy currents tends to 
reduce the coefficient of performance. The conventional heat production 
generated by eddy currents is negligible when compared to the effect of 
maintaining a one-dimensional heat flow. This effect becomes more 
prominent at high magnetic field strengths and low working currents. 
A method of regulating the heat flux by phase angle control is 
developed. Initial experimental results indicate that the heat flux 
can be augmented, retarded or reversed by proper control of the relative 
phase angle between the electric current and magnetic field. 
Recommendations are made on the initial designs for alternating 
current heat pumps. A new parameter called the zero eddy current radius 
must be considered in the design if the coefficient of performance is 
to approach the direct current heat pump, 
The choice of direct current or alternating current should be 
based on the supply of the magnetic field and the supply for the work-
XI 
ing current. If an equal choice of power supply is allowed, the author 
suggests the application of direct current heat pumps because of the 
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CHAPTER ] 
INTRODUCTION AND HISTORICAL BACKGROUND 
The conversion cf energy from one form to a more useful form, the 
transfer of energy, and efficient utilization of energy are prime areas 
of interest to the engineer-scientist. The various mechanisms Involved 
in energy conversion and transport may be categorized into many divisions, 
or fields. For example, the thermal to electrical field Is concerned 
with the direct as well as the indirect conversion of heat to electrical 
power. A commercial steam power plant is an excellent example of the 
indirect method, i.e. thermal to mechanical and then to electrical. An 
example of the direct method from thermal to electrical is the simple 
thermocouple circuit. 
The direct methods Include the sub-field of thermoelectrics, among 
others. Thermoelectrics is a group of direct methods for converting 
thermal energy to electrical energy. If a magnetic field is added to 
thermoelectrics, the new conversion phenomena fall into the field of 
magnetothermoelectrics„ 
The analytical portion of this investigation concerns the energy 
transfers which result from the Interaction of magnetic fields and 
electrical currents. The application of alternating currents, and :oy— 
sequently alternating magnetic fields, imposes many new phenomena not 
normally associated with direct current devices. In fact, all previous 
published investigations related to magnetothermoelectric conversion 
2 
devices have used direct current. Varga, et al., (1) suggested the use 
of alternating current but failed to mention the control possibility of 
the relative phase angle. 
The purpose of this investigation is to analytically examine the 
utility and feasibility of alternating currents in magnetothermoelectric 
devices and then to experimentally verify the results by presenting a 
functional heat pump design. A bismuth alternating current heat pump 
which operates on the magnetothermoelectric principle is designed. Due 
to the Nernst-Ettinghausen effect, thermal energy is pumped from a low 
temperature source to a high temperature sink. The normal conduction 
heat, or Fourier heat, is imposed on the system by virtue of the tem-
peratures at the boundaries. Since the Nernst-Ettinghausen effect 
resulting from the interaction of the magnetic field and the electric 
current is capable of pumping heat either in the direction of increasing 
temperature or in the direction of decreasing temperature, this paper is 
restricted to the conventional heat pump problem, namely, pumping energy 
in the direction of increasing temperature. 
Magnetothermoelectric devices are now being considered for appli-
cations at low absolute temperatures since the device is simple and 
relatively cheap to make, has no moving parts, and requires almost no 
maintenance. The advantage of a magnetothermoelectric device over a 
thermoelectric device is that construction is simpler, since only one 
material is necessary, and the heat flow is perpendicular to the 
electrical current. 
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Related Literature Survey 
Oersted (2) reported in 1829 that an electrical current carrying 
conductor will influence a nearby lodestone or steel magnet. In the same 
year Ampere (3) discovered that relaxed forces between steel magnets 
arise from the presence of circulating currents within the material, 
which are now commonly called "Amperian Whirls.M Ampere's original 
hypothesis has been shown to be essentially correct; the circulating 
currents in motion around the positive nuclei consist of the so-called 
"spinning" of the electron . 
A year later Seebeck (2) observed that should a magnetized needle 
be placed near a circuit composed of at least two different electrical 
conducting materials, the needle is displaced when part of the circuit 
is maintained at a different temperature level than the rest. This 
well known effect is widely used today and is named after Its observer, 
hence the Seebeck effect„ In 18 34, Peltier (4) discovered that If an 
electrical current is forced to flow In a closed circuit composed of at 
least two different conductors, a thermal gradient is established„ This 
result is referred to as the Peltier effect, which is simply the Inverse 
of the Seebeck effect. There are other effects associated with thermo-
electrics (5), e.g., the Thomson heat, the Joule heat, etc, 
Hall (6) first reported in 1879 that when an electrical current 
flows normal to a magnetic field in a conducting medium, a transverse 
electrical potential is established. The effect of this induced 
electrical field is called the "Hall effect," The discovery of this 
cross-phenomenon from the application of a magnetic field stimulated 
additional research in this field, In 188" Ettinghausen (7) found that 
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for an isolated bar a thermal gradient was established perpendicular to 
the electric current when placed in a magnetic field. Nernst (8) demon-
strated later that if thermal energy is made to flow through a conductor 
which is in a magnetic field, a transverse electric potential will be 
present. There are other effects which are not presented here, such as 
the Righi-Leduc effect where a thermal gradient is created normal to the 
heat flow in a magnetic field (8,9) „ 
The Nernst effect and the Ettinghausen effect (7) are presented 
to demonstrate the Nernst-Ettinghausen effect. The Nernst effect is the 
variation or change in the thermal gradient in the direction of the 
electric current when a normal (perpendicular) magnetic field is applied. 
The Nernst coefficient is defined as the ratio of the temperature gradi-
ent in the axial direction to the axial electric current. 
A = • — / J (9) (1.1) 
n dz z 
where T is absolute temperature, z is axial coordinate, and J is the 
electric current in axial direction. 
The Ettinghausen effect is the appearance of a thermal gradient 
in an electric conductor which is mutually orthogonal to the directions 
of an applied magnetic field and an electric current. The Ettinghausen 
coefficient is defined as the ratio of the temperature gradient in the 
radial direction to the product of the magnetic field and electric 
current; 
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A = - e / B J , (1.2) 
e <3r z 
where B is the magnetic field and r is the radial coordinate. 
The Nernst-Ettinghausen effect (9) which is used in the Nernst-
Ettinghausen heat pump, is the appearance of an electric field mutually 
perpendicular to the thermal current and the applied magnetic field„ 
The Nernst-Ettinghausen coefficient (Appendix A) is defined as the ratio 
of the electric field to the product of the radial temperature gradient 
and magnetic field. 
A - E / B |I (1.3) 
ne z 3r 
The first published information suggesting that the Ettinghausen 
effect could be used in heat pumping or refrigeration was made by O'Brien 
and Wallace (10) in 1957. They developed an optimum configuration for a 
maximum "efficiency." This shape is a tapered block with an exponential 
profile. They suggested using alternating current in a ring shaped 
device but no mention is made of alternating magnetic fields. Harman 
and Honig (11) published a two-part analysis of galvano-thermo-magnetic 
energy devices in 1962. The first part describes the equations for six 
different modes of energy conversion. Of particular significance is 
the transverse isothermal galvano-thermo-magnetic generator. The second 
part applies the theory to refrigerators and heat pumps, and also 
describes details for optimizing the coefficient of performance, geome-
try optimization for rectangular parallelepipeds and, in addition, some 
6 
limited experimental data. El-Saden (12) presented a. thermodynamic 
analysis of the Ettinghausen cooler, however he and Harman and Honig 
(13) differ as to the energy flux at the cold interface. Delves (7) 
predicted that the photon drag effect (9) could perhaps be exploited 
to increase the cooling effect. Delves also published a theory for both 
intrinsic and extrinsic, conductors and presented a practical design con-
figuration. Paranjape and Levinger (14), and Horst (15) published 
analyses based on statistics and distribution functions. 
In a recent paper Angrist (16) suggested using a Nernst effect in 
a power generator. One of the first to mention the use of alternating 
currents for both the magnetic field and the working electric current 
was Varga, et al., (1). This suggestion prompted the initial investiga-
tion of this subject. Recently an excellent study of Nernst-Ettinghausen 
refrigerators operating at room temperatures was presented by Harman, 
et al., (17). However, in all of the studies investigated, the author 
was unable to find any experimental or analytical work performed using 
both alternating currents and alternating magnetic fields in magneto-
thermoelectric heat pumps or refrigerators, 
Present Investigation 
The purpose of this study is to determine if a Nernst-Etting-
hausen heat pump will operate on alternating current„ In Chapter IT 
the magnetothermoelectric phenomena is discussed and an analytical 
solution is obtained for the performance. The analysis considers the 
effects of induced polarization, the effects of induced currents, and 
the general overall performance for alternating heat pumps for right-
7 
circular cylinder geometries. 
An experimental investigation of a test specimen whose dimensions 
are identical to the analytical model except for length is presented in 
Chapter III. The radial temperature profile and the external surface 
heat transfer are measured with embedded thermocouples and a conventional 
heat balance is performed on the cooling jacket to determine the surface 
heat transfer. 
In Chapter IV, the analytical and experimental results are 
discussed. Conclusions and recommendations of this study are presented 
in Chapter V. 
CHAPTER II 
ANALYTICAL INVESTIGATIONS 
Mathematical Statement of the Problem 
The purpose of this chapter is to analyze the alternating current 
magnetothermoelectric heat pump and to compare the output performance 
vis-a-vis the direct current devices. The radial temperature profile 
within the heat pump will be determined as well as the coefficient of 
performance. 
A qualitative description of the magnetothermoelectric phenomena 
which occurs in Nernst-Ettinghausen heat pumps is presented first. A 
sketch of a simple Nernst-Ettinghausen heat pump is shown in Figure 1. 
Figure 1. The Nernst-Ettinghausen Heat Pump 
9 
The heat pump is inserted between tvo reservoirs and connected elec-
trically to a voltage source. The reservoirs are maintained at fixed 
temperatures T > T , and a magnetic field is applied in the positive 
z direction. Trie magnetothermoelectric material is placed between the 
two reservoirs and constructed of a material which ha3 both holes and 
electrons for electrical conduction. 
An electrical current flows along the positive y direction by 
virtue of the Imposed EMF. Due to the reaction of charged particles 
moving in a magnetic field, both the holes and electrons achieve a 
velocity in the x--direetion. This velocity is proportional to the 
product of the imposed electrical current and the magnetic field. The 
net effect is the creation of pairs Of electrons and holes at one face 
and their destruction at the opposite face, Each pair carries energy and 
momentum across the material* The minimum energy required to displace an 
electron from its atom and thus permit it to move throughout the material 
is the energy gap(energy difference) between the bottom of the conduction 
band snd the top of the valence band. This process of pair annihilation is 
called recombination. Impurity atoms produce localized electron snd hole 
states that allow the process to occur. When an electron end hole combine, 
their energy and momentum are transferred to the lattice (18). 
There are two mechanisms which contribute to the heat transfer: 
lattice vibrations aad by motion of electrons end holes. When a magnetic 
field is applied.., heat transfer due bo the vibration mode remains approx-
imately the same but that due to the charge carriers is greatly reduced 
(19). Electron-hole annihilation occurs it the warsier face while generat-
ion tabes-place at the colder face, tfeat is liberated from this annihilatio 
10 
and is absorbed by electron and hole generation. The device thus per-
forms like a heat pump. 
The heat pump shown in Figure 1 has an EMF and a magnetic field 
applied; however, no consideration had been given to the type of EMF or 
magnetic field. As was mentioned earlier, Varga, et al., (l) suggested 
that should the applied EMF (consequently the applied current) alternate 
at the same frequency as the magnetic field, their vector product, 
J x B, would have only one sign and the result should be similar to the 
direct current problem. 
Control of a direct current device requires adjustment of either 
the magnetic field or the working current,, This must be accomplished by 
changing their magnitudes. However, it is not necessary to make magni-
tude adjustment on an alternating current device since regulation and 
control can be performed by varying the relative phase angle between the 
magnetic field and the working current. In fact, complete reversal in 
direction of the Nernst-Ettinghausen heat can be accomplished by a 180 
degree phase shift. 
The specific problem to be examined is a long hollow right 
circular cylindrical annulus. The alternating magnetic field, B, is 
produced in the angular direction and the alternating electric current, 
J, in the longitudinal direction. The analytical model is shown in 
Figure 2. 
The development of the fundamental set of equations that apply 
to this problem is derived in Appendix A, The basis of this development 
is the theory of irreversible thermodynamics. The primary assumption 
used throughout is that the contribution to the entropy source term from 
11 
Figure 2. Analytical Model 
the induced polarization phenomena resulting from applied alternating 
fields is considered small. These entropy source terms are a function 
of the difference in the induced fields and their associated equilibrium 
-9 
fields. It is seen that for relaxation times of order 10 ' seconds and 
for low frequencies, say less than 100 cps, the difference in the 
_7 
induced and equilibrium fields is of the order 10 . Hence, the induced 
polarization terms contributing to the entropy production may be 
neglected (Appendix A). 
The equations are valid for thermal and electrical fluxes in a 
plane or surface normal to the applied magnetic field. A magnetic 
field is generated by passing a large alternating current, I, through 
the center of the cylinder parallel to the longitudinal axis. It is 
12 
represented by 
B(r,t) = C (I sin u) t)/r (2.1) 
o 
where the constant C depends on the units selected for B, I and r. 
An alternating electric current, J, is passed through the annulus 
collinear with the longitudinal axis. This electrical current is com-
posed of two parts; the applied current and the induced eddy current, 
J = Ja + Je , (2.2) 
where J is due to the applied electric field and J is a result of the 
a e 
alternating magnetic field. 
The analytical model is infinite in the axial direction and 
finite in the radial direction. The inner radius is r = a and the outer 
radius r = b. Since azimuthal symmetry is assumed, no variation is con-
sidered in the angular direction. 
Using the above assumptions, the final equation resolves to a 
linear differential equation of second order and is solved in a conven-
tional manner using numerical analysis by the Runge-Kutta technique 
(Appendix C) on a digital computer. 
The properties cf the material can be considered constant for 
the magnetic fields which will be applied. Harman and Honig (20) have 
2 
shown that for magnetic field strengths below 10 kilogauss (1 weber/m ) 
the Nernst-Ettinghausen coefficient is constant, 
13 
A = E / B II . 
ne z dv (A.54) 
The increase in electrical resistivity of bismuth by a transverse 
magnetic field at 11.5 degrees centigrade is approximately 1 per cent 
2 
for a 0.1 weber/meter field and less than 3 per cent for a 0.2 weber/ 
2 
meter field strength (21). The thermal conductivity also has a varia-
tion of less than 2 per cent for transverse fields less than 1.0 weber/ 
2 
meter (21). 
The general development considers The polarization phenomena and 
demonstrates that for the metal bismuth at low field frequencies (60 
cps) this phenomenon is extremely small. The equations which represent 
the analytical model are (see Appendix A): 
pr + RHB 




-v P r A B ne -e • J z 











where E is electric field, q is heat flux, R^ is the Hall coefficient, 
n 
p is the electric resistivity , e is the thermoelectric power, k is 
the thermal conductivity, and L is the Leduc-Righi coefficient. 
Because of infinite extent, the temperature gradient in the 
longitudinal direction is zero (3T/8z = 0 ) . The total electric current 
is composed of the applied current and the induced current. The induced 
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current (eddy) is examined first. 
Eddy Currents 
If there is relative motion between an electrical conductor and 
a magnetic field, an induced electric current is produced„ As will be 
shown, the effect of these currents Is to reduce the performance. In 
this case the induced current is sometimes referred to as an eddy 
current. 
The length of the mathematical model is Infinite In the z-
direction, therefore, the radial eddy currents are zero (Appendix B). 
However, the eddy currents in the axial direction are much diffez ant 
from zero. In order to understand this better, consider a metal con-
ductor which Is stationary within a moving magnetic field (Figure 3). 
•! 
V 
x x x x x x x x x x x x x 
x x x x x x x x x x x x x 
V 
x x x x x x x x x x x x x ©- + 
f 
x x x x x x x x x x x x x 
x x x x x x x x x x x x x B 
— DIRECTION OF ELECTRONS 
Figure 3, Electromagnetic Induction 
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The magnetic field has a direction Into the page and a velocity v, 
The forces on the free electrons (and holes) in the conductor are 
shown by the symbol f. If the ends of the wire are open, the movement 
of the electrons will cause the left end. of the wire to become negatively 
charged, and. the right end becomes positively charged„ The reverse 
occurs when the field reduces (proceeds in the other direction) causing 
the electrons now to flow to the right ar.d conversely for the holes, 
The flow of current is thus normal to the applied magnetic field (3). 
It is now necessary to consider this longitudinal induced cur-
rent. A profile of the eddy current is shown in Figure 4. 
figure 4. Eddy Currents 
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The eddy current profile is given for a particular instant of 
time. This current alternates or changes direction, depending on the 
direction of the magnetic field and is completely independent of any 
external circuit. 
Since the total external flow of electrons is zero for the open 
circuit problem, the integral of the local induced current must be zero. 
f J\ J rdr d6 = 0 (B.17) 
* TJ 6 e 
In order for the integral to be zero the sign (direction) of the induced 
current, J , must reverse between the radii. The radius where the e 
induced current is zero is determined in Appendix B and depends on the 
geometry of the cylinder. This radius, r , is depicted in Figure 4, 
Induced eddy currents are a direct result of alternating fields. 
Maxwell's equation is used to express the relationship. 
V x E = ~9B/at (A.4) 
Appendix B develops the expressions for the eddy currents and 
also locates the zero eddy current radius , r . The expression for the 
local longitudinal eddy current is 
J = G In (r/r ) . (B.9) 
e m 
The expression for the local current density at any radius r is 
17 
J = J + G In Cr/r ) . (2.3) 
a m 
The J terms in equation A.58 are zero since the local radial eddy 
current is neglected and also there is no applied voltage in the radial 
direction. Applying the expressions for the magnetic field, the longi-
tudinal current, and using the assumption of infinite axial length, the 
complex matrix set (A.58) reduces to the following set of equations: 
E = C O J (i) - e |1 
r o H z r 3r 
E = p J + A C I(-^-) 
z r z ne o r3r (2.4) 
q = -C I A J 1 - k 1 1 
TP o ne z r dr 
1 dT 
q = -eTJ - C IkL - -^~ 
z z o r dr 
2 
Equations (2.4) represent the energy fluxes (watt/m ) at any position 
(r,0,z). 
Equations (2.4) must now be applied to the relations developed 
as a result of the application of the first law of thermodynamics; 
namely, the conservation of energy principle. In the absence of any 
energy sources or sinks, the equation for the control volume (the 
cylinder) is written as; 
y . r = iL(pm e ) v ^ 3t m v 
(2.5) 
c.v. 
where £ represents the total energy. The local mass density is pm and e^ 
is the energy associated with this mass. The control volume element is 
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shown in Figure 5. The energy flux in the radial direction through the 
volume element is given by 
Z, = (q + J V ) x A (2.6) 
r Lr r r r 
where J is included for the present. Similarly, the energy flux in 
the longitudinal direction is 
S = ( q + J V . ) x A . (2.7) 
z uz z z z 
Since axial symmetry is assumed, r.o variation is considered in 
the angular direction. The term V is the electrical potential difference 
(voltage). 
Recalling that the electric current in the radial direction is 
zero, Equation (2.6) becomes 
Kr = W • (2>8) 
Applying the conservation of energy principle to the control 
volume element shown in Figure 5. 
ST 
K A - K + C A - 5 = P C. |r AzrArAG (2.9) 
r+Ar r z+Az z m 1 3t 
The volume of the infinitesimal element is 
Avol = AzAr rA0 . (2.10) 
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<D |> 
Figure 5. Control Volume Element 
The term £ represents the total energy per unit time entering 
the volume element in the r direction at the r location. Similarly 
E, represents the total energy leaving the volume element in the r 
direction at the r + Ar location. There is no energy entering or 
leaving the volume element from the angular direction since angular 
symmetry is assumed. The term £ represents the total energy entering 
the volume element at the z location in the z direction, and similarly 
E , denotes the total energy leaving the volume element at the 
z+Az 
z + Az location. 
S u b s t i t u t i n g Equations (2 .6 ) and (2 .7 ) i n t o (2 .9 ) g ives : 
- T - ( r q. ) + ~~ (q + J V ) = pQ | £ 
r dr r dz z z; z m 1 9t 
(2 .11) 
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Considering only the steady state case, and observing that 
z E = - Y~ , Equation (2.11) reduces to: 
l__d 
r dr =" d * (r %) " JE- = ° (2*12) 
where J is given by Equation (2.3). Using Equations (2.4) for -q and 
E in (2.13) gives: 
- T - [r (-C IA T(J + G Ln(r/r )(-) + k ̂ ) ] (2.13) 
r dr o ne z in r dr 
- (J + G Ln(r/r )) [p (J + G Ln(r/r )) + 
a m r a m 
A c i ^hhi = o 
ne o dr r 
Introducing the non-dimensional variables 
Y = T/T, , where T is outside temperature 
X = r/b, where b is outside radius, 
the differential Equation (2.13) becomes 
2 
^ 4 + ^^v" O + & L n 0 7 * ) + 1] + \ (0 .56) (2 .14) 
,..2 X dX m ..2 
dX X 
+ Y ( J + G Ln(X/X ) ) 2 = 0 , 
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where a = 2J C IA /k 
a c ne 





An examination of the above non-dimensional parameters reveals 
that a is a prime parameter since it involves J ; (3 is the parameter 
a 
which is a result of the eddy currents; and the parameter y is the 
result of conventional joulean heating. 
Using published values (Appendix G) for the properties in 
Equations (2.15), a, 3, and Y may be calculated for the particular 
problem considered. Equation (2.14) is solved for the temperature 
distribution by the Runge-Kutta method of third-order accuracy (23). 
To use this technique, the initial derivative should be known; however, 
since only the temperatures at the boundaries, T and T were known, 
a procedure was developed in the computer program to first take a 
derivative of a predetermined value and then integrate the equation„ 
The calculated boundary temperature was then compared with the given 
boundary condition. If the absolute value of their difference was less 
than 0.0001, the computer program calculated all the required data, 
However, if the boundary condition was not satisfied, a routine was 
used to adjust the initial derivative and then begin the entire integra-
tion procedure again. The initial derivative was adjusted until the 
boundary conditions were satisfied. All the temperature profiles pre-
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sented in Figures 6-9 were determined in this manner. The computer 
program is given in Appendix C„ 
Once the temperature distribution has been determined, the radial 
heat flux at any location can be found from Equations (2.4). The heat 
flux in the radial direction is composed of two fluxes; the Nernst-
Ettinghausen heat (2*4-), 
q_ = -C IA JT/r (2.16) 
Tie o ne 
and the conventional Fourier heat (24), 
q . s -k dT/dr . (2.17) 
cond 
It should be noted that J and I are involved in Equation (2.16) 
and not in Equation (2.17). This fact is particularly useful for 
directing the flow of Nernst-Ettinghausen heat. By proper choice of 
relative phase angles of J and I, e.g. in phase or 180 degrees out of 
phase, the Nernst-Ettinghausen heat can be directed to flow independently 
of the imposed boundary conditions. 
If the product of J times I is negative, then the heat flow is 
away from the center line (in the positive radial direction) against 
the imposed temperature rise. The specific purpose of a heat pump is 
to pump heat in direction of increasing temperature, therefore only 
this case (J x I is negative) is examined here. 
The analytical results are shown in Figures 6-9 for given 
boundary conditions. The conditions are 
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T = 293.7 °K , 
r-a 
(2.18) 
T , = 2.96.2 °K . 
r=b 
The choice of the boundary conditions was predicated on the 
thermocouple emf derived from many experimental tests. The cooler 
temperature corresponded to 815 microvolts and the higher value to 915 
microvolts. Figure 6 and 7 give the temperature as a function of the 
radius for an applied working current, J, with the magnetizing current, 
I, as a parameter. Figures 8 and 9 give the results using the applied 
current J as the parameter. The curves present results only for the 
case of heat being pumped in direction of increasing temperature. The 
temperature is plotted in terms of a non-dimensional temperature which 
varies from 0 at r - a to unity at r = b. 
Y'= (Yx Tv - T ) / (T, - T ) (2.19) 
b a b a 
Once the temperature distribution has been determined, the 
radial heat flux at any position is found from the equation: 
q = -C IA J T(-) - k ^- , (2.4) 
r o ne r dr 
for the total heat transfer, 
Q - q A . 
r r r 
(2.20) 
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5 2 Figure 6. Temperature Profile for J = 3.29 x 10 amp/m with Magnetizing Current as Parameter. 
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Figure 8. Temperature Profile for I = 3200 amps with Applied Current as Parameter. 
ON 
X, DIMENSIONLESS RADIUS 
Figure 9. Temperature Profile for I = 61+00 amps with Applied Current as Parameter ro 
—̂  
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Figure 10 gives the total heat transfer at the exterior radius, 
r = b for varying magnetic fields and with the applied current, J , as 
a 











J a = 13.16 x 10
5 amps/m2 
• RUN A.l 
o RUN A.2 
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• RUN A.6 
• RUN A.7 
• _^— " 
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I x 111"3 amps, MAGNETIZING CURRENT 
Figure 10. Heat Transfer at the Exterior Surface, r = b, 
for T = 293.7 °K, T^ = 296.2 °K. a b 
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Coefficient of Performance 
The important criterion for examining any refrigeration device or 
heat pump is the overall coefficient of performance. The coefficient of 
performance of the heat pump is defined as the ratio of the heat pumped 
out of the system at the high tempera:ure surface to the work required 
to achieve this pumping. 
For a refrigerator, the CO.P. is the ratio of the heat received 
at the low temperature surface to the work required to transfer this 
heat to the high temperature surface. Beth heat pump and refrigerator 
coefficients have significance only if the thermal energy is being trans-
ferred into the system at the low temperature surface (24). 
CO,P. = Q /Power input (2.21) 
r=a 
Ref 
Applying the first law of thermodynamics to the control volume: 
IW = TQ - Q . - Q (2.22) L , L , r=b r=a 
cycle cycle 
Introducing (2.22) into the expression for the coefficient-of 
performance, 





Equation (2.23) is calculated for specific values of applied 
5 5 5 2 
current density, J = 3.29 x 10 , 6.58 x 10 and 13.16 x 10 amp/m , 
a 
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and the results are plotted in Figure 11. The curves show that the 
direct current device always has a higher coefficient of performance 
at any given magnetic field strength. That is, the effect of the 
induced eddy currents tends to reduce the overall performance of the 
heat pump. The curves for the low values of applied current diverge 
more rapidly for a given magnetizing current than the high values. 
This is reasonable since the induced eddy current created by the magnetic 
field is constant for any given magnetizing current and is a large per-
centage of the total amperage (Equation (2.2)) when the applied current 
is small. 
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The curves in Figures 6-9 show that the temperature profile 
within the heat pump is greatly affected by an applied magnetic field. 
This temperature profile must be known tc calculate the Nernst-
Ettinghausen heat, which is a function of the absolute temperature, 
and the Fourier heat, which is a function of the temperature gradient. 
The purpose of this chapter is to describe the experimental 
apparatus and procedure used to determine this profile and to present 
actual test results. The validity of the analytical equations can be 
determined once the actual measured temperature profile is known. 
The experimental arrangement for this investigation is shown 
pictorially in Figure 12. The apparatus consists of two separate 
electrical circuits; one for the production and control of the alter-
nating magnetic field, the second for the control of the working 
electric current density, J, which passes through the test specimen. 
Basically the requirement was to design a test system which is 
capable of producing large alternating magnetic fields without any 
large side effects, e.g., excessive heat production. The initial con-
cept of large ferromagnetic coils for the field production was quickly 
discarded for two reasons; firs-:, the high heat loss from hystersis 
effects and, second, the expense of an air gap electromagnet which 
would provide the required field. The idea of a circular field appeared 
TO A l 
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interesting and thus the final concept of a simple current filament to 
produce the applied magnetic field was used. 
The magnetic field system was designed around a large welding-
type industrial transformer. A large percentage of the test assembly 
was located on the top of this major piece of equipment (see Figure 12). 
A copper bus, 3' x 1', was designed to short circuit the transformer 
with a section machined to allow for the insertion of the test specimen. 
A current measuring transformer (8000 x 5) was installed around the bus 
to measure the current, I. 
Although the copper bus short-circuited the transformer, there 
was still considerable heat production in the area of the test specimen 
because of the reduction in cross-sectional area. In order to maintain 
a thermal level near room temperature, a 1/8 inch diameter hole was 
drilled through the bus in order to water-cool the system. The entire 
bus assembly was brazed together to minimize any contact voltage drops. 
The input side of the welding transformer was connected to a variable 
transformer (auto-type), which was used to control the magnetizing 
current, I. 
A long right circular cylinder was constructed from essentially 
pure bismuth. The constituents of the material are given in Appendix 
F. Bismuth was chosen primarily because of its magnetic, thermal, and 
electrical properties; a high Nernst-Ettinghausen coefficient, a low 
thermal conductivity, and a high electrical conductivity (25,26,27). 
The dimensions of the test specimen were: inside radius equal to 
0.0127 meter (1/2 inch), outside radius equal to 0.0254 meter and length 
equal to 0.0762 meter. Hence this configuration approached the mathe-
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matical model if the assumption of infinite length was valid. The ratio 
of the length to thickness of six seemed at first to be sufficient, 
however, it was later found during the experimental investigations 
that a thermal gradient was produced from the high temperature copper 
leads connected to the test specimen. This problem was solved by water 
cooling the connections and inserting longitudinal thermocouples to 
monitor the axial temperature gradient. This arrangement proved very 
satisfactory. The axial thermal gradient could be held less than two 
degrees centigrade per meter. Therefore, the assumption of neglecting 
the end effects was considered acceptable. The only electrical problem 
resulting from finite length is the production of eddy currents in the 
radial direction. These eddy currents are small compared to the longi-
tudinal eddy currents and, in fact, approached zero in the neighborhood 
of the thermocouples. The radial eddy currents, which are a result of 
the finite length, also produce a zero eddy current plane which is 
halfway between the ends of the bismuth specimen. The reason for this 
zero eddy current plane is identical to that for the zero eddy current 
radius. 
The electrical circuit, which controlled the amount of working 
current, J, to the test specimen was connected to the same power supply 
as the welding transformer. Since both electrical circuits were sup-
plied by the same voltage supply, the relative phase angle of the 
circuit was either 0 or 180 degrees depending on the electrical connec-
tions. The voltage output of the auto-transformer was stepped down 
(current stepped up) through two reduction -10:1 - transformers thereby 
producing a large secondary output current. The last transformer is 
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connected directly to the test speclmer by large copper leads„ 
Figure 13 is a photograph of the actual test assembly in opera-
tion. Figure 1;4 is a schematic of the electrical circuits, 
The thermal gradient within the bismuth test specimen must be 
accurately measured if the effect on the profile caused by the inter-
action of the induced magnetic field and the working current is to be 
determined. This interaction is seen to produce a lowering of the 
absolute temperature at any given point within the specimen (Figures 
6-9). 
The temperature profile was measured by using small copper-
constantan thermocouples--0 , 008 inch diameter—arranged as shown in 
Figure 15. Figure 15 shows their location in the test specimen. 
Placing the thermocouples in this fashion greatly reduced any large 
errors due to thermal conduction,, Analysis of this effect showed that 
the thermal conduction error was not larger than 0„05 °K. The thermo-
couples were constructed from the same stock of material to eliminate 
any metallurgical errors. Calibration of the thermocouple system was 
accomplished after assembly by placing the entire system into a water 
bath and comparing to a National Bureau of Standards immersion type 
thermometer. 
A detailed error analysis Is performed in Appendix D. This 
analysis considers the Insertion of :he thermocouples into the bismuth 
specimen. A computer study gives the error in the temperature profile 
caused by this foreign material as less than 4 per cento The primary 
measurements of the electric currents and the location of the tempera-
ture sensing plane of the thermocouple are also considered and the 
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Figure Ik... Electrical Circuit Diagram. 
39 
results indicate a possible variatioa of 11 per cent error. Considering 
all errors discussed, the most probable error of a temperature measure-
ment is less than 20 per cent (see Appendix D). 
After many attempts to locate the thermocouples in wells, slots, 
etc., the best solution was to form cast the test specimen around the 
thermocouple system. A three-part break-a-way mold was designed since 
bismuth has the property of expanding upon freezing, similar to water 
(28). The mold was made of a low carbon alloy steel and machined to the 
required dimensions. Each thermocouple was stretched across the center 
section (Figure 15) and secured beifot*e tightening the assembly with 
bolts. A paper grid was inserted between the two sections to assure 
the alignment of the thermocouples in the correct radial dimensions. 
Figure 15. Location of Thermocouples 
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The mold and the bismuth were heated to around 500° C before the 
test specimen was poured. The heated mold helped in retarding any 
unusual crystal formations, e.g. gas holes, cracks, etc. 
An attempt was made to determine the exact location of the 
thermocouple beads within the test section by radiography. A 50 milli-
curie supply of Cobalt 60 was used as the radiation source. It was 
desired to ascertain if any movement of the thermocouples had occurred 
during the setting-up process. This attempt failed in the initial 
purpose; however, it did verify that the test specimen was homogeneous 
and had no cracks or gas holes. The thermocouples could not be seen 
since the density path length for the bismuth-thermocouple path and the 
adjacent bismuth path were almost the same (29). Radiography is most 
effective when there is a large difference in the density of the object 
to be seen with respect to the density of the surroundings. 
The test specimen was surrounded with a plastic water jacket in 
an effort to maintain a reference temperature at the surface. The water 
jacket, see Figure 16, was supplied by a pressure regulated water supply. 
The exterior surface heat transfer was measured by inserting 
thermocouples in the input and outlet of the jacket. The mass flow 
rate of the water through the heat exchanger was determined by measuring 
the kilograms of water which emptied into a bucket in a given time 
interval (Table 1). Knowing the temperature difference, the specific 
heat and mass flow, the heat transfer at the exterior surface was 
calculated; 
a , = m c. A T . . (3.1) 
r=b 4 wi 
4-1 
































1.1 21.70 21,95 
1.1 21.22 21.46 
1.1 25,02 25.57 
1.1 23.65 24.4-0 
1.1 20.20 20.90 
1.1 21.23 21.94 
1.1 25.26 26.70 
The specimen was placed around the copper bus and separated from 
electrical contact by thin mica strips. These strips are shown in 
Figure 16. After assembly the entire system was tested for electrical 
neutrality with respect to the magnetizing current circuit. The thermo-
couple leads were placed within spaghetti and completely insulated 
electrically. They were then bundled together and brought out through 










Figure 16. C r o s s - s e c t i o n a l View of Test Specimen and Water Jacke t 
The t e s t r e s u l t s show very good agreement with t h e a n a l y t i c a l 














The experimental procedure was to first allow the entire system 
to reach a thermal equilibrium state before any electrical power or 
magnetic field current was applied. Since the thermal level varied with 
the input power, the circulation of the cooling water both inside the 
cylinder, through the copper bus, and outside through the water jacket-
fixed the steady state temperatures of the system. The cooling water 
circulation was used to establish constant outside wall temperature of 
the test specimen at a value between 25 and 35° C. 
The set of thermocouples was monitored during the initial cool-
down and when no appreciable change was observed equilibrium was 
assumed. Technique was to change one of the two input variables, J or 
I, and observe the results. After either variable change, the system 
required two to three hours to attain steady state conditions. It was 
assumed that the system was in steady state, when a rate of change of 
temperature was less than 0.5 degrees per hour. 
The values of the applied current used were: 0, 500, and 1000 
5 
amps which corresponded to a current density of 0, 3.29 x 10 , 6.58 
5 2 
x 10 amp/m , respectively. 
Table 2 gives the values of the observed temperatures for 
selected runs. The data are plotted also with the analytical curves 
in Figures 18 and 19. The experimental results show excellent agree-
ment with the analytical profiles, especially in light of experimental 
error. The error band limits are derived in Appendix D. The total 
error is composed of two types, random and systematic. The random 
error, resulting from observation of instruments and fluctuating 
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Figure 18. Temperature Profile for Magnetizing Current of 6k00 amperes and J = 3.29 x 10 amps/m' 
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5 2 Figure 19. Temperature Profile for Magnetizing Current of 6k00 amperes and J = 6.58 x 10 amps/m o> 
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Table 2. Measured Temperature Profile Data 
Magnetizing Working 
Run Current Current Temperatures (°C) 
Number (amps) (Amps/m2) 1 2 3 4 
27.55 27.90 29.70 31,58 31.83 32.45 
23.50 23.32 24.75 26.35 27.1.5 27.40 
22.00 22.33 22.95 24.45 24.60 24.95 
26.95 27.20 29.00 30.95 31.18 32.00 
26.50 26.80 27.80 29.00 29.10 29.50 
27.39 28.35 30.00 32.40 32.88 33.28 
28.50 29.40 31.10 33.50 34.00 34.50 
31.10 32.00 34.66 38.00 38.40 39.15 
31.70 32.40 33.20 35.30 36.10 36.05 
30.60 30.80 32.85 35.15 35.19 36.40 
1 6400 3.29x10 
2 6400 3.29 
3 6400 3,29 
4 6400 3.29 
5 6400 3.29 
6 6400 6.58 
7 6400 6.58 
8 6400 6.58 
9 6400 6.58 
10 6400 6.58 
conditions, is less than 5 per cent. The systematic error, which is 
approximately 15 per cent results from three main sources; first, the 
location of the thermocouples; second, the insertion of foreign material 
as probes; third, the instrument accuracy measuring the magnetizing cur-
rent and the working current. 
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CHAPTER IV 
DISCUSSION OF RESULTS 
Analytical and experimental temperature profiles have been 
obtained for an alternating current magnetothermoelectric heat pump., 
The measured data are given in Tables 1 and 2 and Figures 18 and 19. 
The analytical results are presented in Figures 6-9. As a typical result, 
the analytical curves In Figure 6 are for an applied current of 3„29 x 
5 2 
10 amps/m . The curve for zero magnetizing current, I = 0, is the 
temperature profile for simple Joulean heating. The other curves, 
I = 3200, 6400, and 9600, are presented to demonstrate the effect of 
the magnetic field on the temperature profile. 
As the magnetic field current I is increased, the temperature 
profile tends to decrease until at the high strengths internal tempera-
tures are lower than the boundary temperatures. The reason for this 
will be presented later. Therefore, with an Increase in magnetic field, 
the absolute temperature is decreased. Figure 7 presents the profiles 
for a larger working current. The same relationship between tempera-
ture and magnetic field current exists. 
Figures 8 and 9 demonstrate the effect of a variation in the 
working current for a constant magnetic field current. Figure 8 is for 
a magnetizing current of 3200 amps (0.5 kilogauss at r = a). Figure 9 
is for a magnetizing current of 6400 amps (1.0 kilogauss at r = a). 
The curves clearly show that as the applied current is increased the 
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internal temperatures also increase. This is expected. The curves 
presented in Figure 11 give the effects of alternating fields. For 
comparison the profiles for direct currents (consequently steady mag-
netic fields) are shown with the alternating current profiles. The 
reducing effect of the eddy current is especially noted at the low 
applied currents. As an example, the effect of the eddy current is 
seen to reduce the coefficient of performance approximately 13 per cent 
5 2 
for the conditions J = 3.29 x 10 amp/m and a magnetizing current of 
a 
9000 amps. 
It should be noted that tie temperature profiles shown in Figures 
6-9 do not indicate the amount of heat transfer as in the case of normal 
conduction-Fourier mode-heat transfers. Thermal energy may be pumped 
either in the direction of increasing temperature or in the direction 
of decreasing temperature completely independent of the temperatures at 
the boundaries, at least ideally. The expression for the total heat 
transfer in the radial direction is 
q = q + q , . (4.1) 
r ne cond 
The first term, q , is the Nernst-Ettinghausen heat and is given 
by Equation (2.16). The second term, q ,, is the conduction heat and 
is represented by Equation (2.17), 
The Nernst-Ettinghausen heat is a function of the product of the 
working electric current density, J, and the local magnetic field 
strength, B. This product's algebraic sign determines the direction of 
the non-Fourier component in Equation (M-.l). This direction is com-
50 
pletely independent of the local temperature gradient. Hence, it is 
theoretically possible to construct a "perfect" adiabatic wall. The 
condition necessary is 
Tie cond (4.2) 
Examination of the curves in Figures 6-9 indicates that the tem-
perature within the test specimen is always less in the presence of an 
alternating magnetic field than without a field. This phenomena can 
be explained by referring to Figure 20. 
ZERO EDDY LINE 
ne 
Figure 20. Effect cf Induced Current. 
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The magnetic field B, is represented by an arrow and the local 
induced eddy currents by a dot or a cross depending on the direction. 
The dot indicates the current is out of the paper. A brief re-examina-
tion of Equation (2.16) shows that the product of the local current, in 
this case the eddy current, and the magnetic field determines the 
direction of the heat transfer. For bismuth, the Nernst-Ettinghausen 
heat is always directed away from the zero eddy current radius, r . 
Application of a magnetic field will lower the temperature within the 
specimen. 
The actual experimental test results which are presented in 
Table 2 are plotted in Figures 18 and 19. The analytical analysis is 
verified within the accuracy of experimental measurements. It is seen 
from the figures that most observed experimental data fall within the 
most probable error limits. 
The exterior heat transfer was determined both analytically 
(Figure 10) and experimentally (Table 1) and the results show excellent 
agreement. During the investigation the phase angle was reversed by 
180 degrees to check if the cooling aspect would be present. This 
reversal was observed since the water temperature decreased7as it passed 
through the jacket. 
The experimental data and the analytical curves show very good 
agreement for the tests conducted. The actual data points tend to veri-
fy that the theory of irreversible thermodynamics can be expected to 
yield good results. 
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CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
The major conclusions that may be derived from this investigation 
are: 
1. That alternating currents may be used in magnetothermoelectric 
devices provided the magnetic field also is alternating such that the 
produce of J x B is always of a singular sign, either positive or nega-
tive. This product is included in the expression (2.16), for the 
Nernst-Ettinghausen heat transfer, and to be of any significant value 
in heat pumping this product must be mono-directional. 
2. That the heat transfer can be controlled and directed by 
varying the relative phase angle between the applied magnetic field 
and applied electric current. This technique affords a new and simple 
method for regulating magnetothermoelectric devices. 
3. That direct current devices are capable of supplying more 
output heat for a given input work. This fact is best expressed by the 
coefficient of performance (Figure 11). It Is seen that as the alter-
nating magnetic field strength is increased the effect of eddy current 
production becomes quite significant. 
M-. That the theory of irreversible thermodynamics provides a 
basis for predicting the temperature profile and the direction of the 
total heat transfer. 
5. That the CO.P. for an alternating current device at zero 
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phase angle is small when compared to the Carnot CO.P., however it is 
comparable to present day magnetothermoelectric and thermoelectric 
cooling systems. For example, a typical coefficient of performance for 
a parallelopiped as presented by Harman and Honig (11) may be found from 
their expression; 




l + A" -a o 
where a has been determined experimentally (39) for bismuth at 200 °K 
and in the presence of 5 weber/meter square as a =0.40. Applying this 
value to Equation (5.1) gives a CO.P. of 4-.60. These values however 
do not consider any expenditure of energy for the production of the mag-
netic fields. The Carnot coefficient for the hot temperature of 
296.5 °K and a temperature difference of five degrees is approximately 
66. The choice of five degrees is used since this is a reasonable tem-
perature difference for the Nernst-Ettinghausen heat pump operating 
under load at the conditions used in the experimental tests. 
The primary recommendations as a result of this investigation 
are: 
1. That alternating current magnetothermoelectric devices be 
designed so that the effects of eddy currents will be small or negli-
gible. This can be achieved by designing the system with thin lamina-
tions of magnetothermoelectric material. Each lamination must be 
separated by a low electric conductivity material which has a high 
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thermal conductivity. The thickness of the laminations will be deter-
mined by the cost of the construction. Since a zero eddy current line 
must be used to size the lamination, designs for right circular 
cylinders should include the expression: 
P2 
/ ln(r/r )rdr = 0 . (B.18) 
m 
r i 
If r - r can be made small, the effect of the eddy currents 
will be minor. It should be kept in mind however that the cost of 
manufacturing will increase rapidly as the lamination thickness becomes 
smaller. 
2. The production of a large alternating current filament to 
produce the magnetic field in the experiments in this study was quite 
involved, both mechanically and electrically. The author recommends 
that consideration be given to producing this field using the coil 
method. In this method the production of the magnetic field strength 
is a function of the current and the number of turns of the coil. 
3. That attempts to measure temperatures within solid metals 
use the concept of a single thermocouple wire with the other junction 
being the parent metal. Although this technique requires a more 
difficult calibration program, an expected advantage is that errors in 
temperature measurement will be reduced by at least 50 per cent. This 




DERIVATION OF THE ENTROPY BALANCE EQUATIONS 
The dynamic equations which represent the magnetothermoelectric 
phenomena in a polarized system are derived on the basis of irrevers-
ible thermodynamics. The theory of irreversible thermodynamics provides 
the general framework for the macroscopic description of the highly 
complex thermal-magnetic-electric phenomena. It provides the relation-
ship between the forcing functions and the energy fluxes. This rela-
tionship, the entropy balance equation, relates the increase of entropy 
of a given control volume element from two primary causes; the net 
efflux of entropy from the control volume (the entropy leaving the 
control volume minus the entropy entering) and the internal production 
of entropy within the control volume as a result of the irreversible 
phenomena (22,30). 
At present the theory is limited to linear departures from local 
equilibrium (31,32,33). However, this is sufficient since most trans-
port relations are aptly described by linear relationships, Fick's law 
of diffusion, Fourier's law of heat conduction, etc. Therefore, the 
assumption of linear departures may be applied with good results 
expected. 
In presenting this development, many definitions will be neces-
sary. The terms and quantities are defined where needed and explained 
as the development progresses. 
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The use of alternating currents for controlling both the magne-
tizing field and the working electric current imposes many considera-
tions not normally associated with direct current devices. First is 
the effect of polarization resulting from varying electric and magnetic 
fields. Therefore Maxwell's electric equations must be considered in 
the development of the dynamic equations. They are: 
Div D = p z. (A.l) 
e 1 
Div B = 0 (A.2) 
SD — 
r^ - Curl H = - J (A.3) 
ot 
r)R — 
~ + Curl E = 0 (A.4) 
The quantities D and H are the electric and magnetic displacement 
vectors. If the system is at rest, then these quantities are related to 
the magnetic and electric field strengths 
D = e • E , (A.5) 
H = y ± • B , (A.6) 
A, "* . • • 
where e is the dielectric tensor and y the magnetic permeability tensor. 
The electric polarization vector is defined as the difference of 
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the electric displacement and electric field vectors. 
P = D - E (A.7) 
The magnetic polarization vector is defined in a similar manner. 
M = B - H (A.8) 
Equation (A.7) may be further reduced by the definition 
K = P/E (A.9) 
where K is the electric susceptibility tensor. In an analogous fashion, 
the magnetic susceptibility tensor is defined as: 
X = M/H . (A.10) 
Substituting (A.9) and (A.10) into Equations (A.7) and (A.8), 
respectively gives: 
D = E(ic + 1) (A,11) 
B - HCx + 1) (A.12) 
The vector equation, known as Poynting's theorem: 
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V • (E x H) = +E • || 4 H • || + J • E (A.14) 
is derived by dotting the vector H into Equation (A.4) and by dotting 
the vector E into Equation (A.3), then adding. Equation (A.14) is used 
later in the analysis. 
From the conservation of energy principle the energy change 
within a control volume per unit time is equal to the net efflux of 
energy across the boundaries of the control volume. 
vf 
£ / (P e )d Vol = Rfte of change of energy 
dt J m v within the control volume 
v. 
l 
The local mass density is p and e is the energy associated 
with this mass. 
Differentiation of (A.15) by Leibnitz's rule (34) gives 
f „ dv^ dv. 






"dT . (A.16) 
Applying the assumption that the volume does not vary with time, 
(A.16) reduces to: 
Vol 
/ l r ( p m e v ) d V o 1 (A-17) 
Excluding any nuclear effects, this change in energy of the con-
trol volume arises from the net efflux of energy across the system 
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boundaries, i.e. 
-J K * dA = energy crossing boundary (A.18) 
Area 
Applying the divergence theorem and realizing that the equation 
must be valid for any arbitrary control volume, the result is that the 
integrand must therefore be zero, 




 V- = - Div (f) (A.19) 
Since the internal energy is composed of many energies, it is 
convenient to define the specific internal energy as: 
(A.20) 
u = e - — (1/2 D • E + 1/2 B * H - 1/2 P • E - 1/2 M • B) 
v p 
m 
and also the heat flux q is defined as: 
q = I - (E x H) . (A.21) 
Substituting Equations (A.7) and (A.8) into (A.20) and inserting 
to (A.19) gives the balance equation for internal energy when the 





= - D i v 5 (A-23) 
and applying the relation for the change of entropy for a reversible 
process (22,24): 
dq = T ds (A.24) 
pm T ~J = - Div (q) (A.25) 
m a t 
du ,-p ds - dm - dp ,. _.. 
p — = p I — + p B * i ~ + P E * 3T- (A.26) 
m dt m dt m eq dt m eq dt 
where the subscript, eq, indicates equilibrium conditions. 
Recalling that Equation (A.22) is valid for the nonequilibrium 
condition, the expression for the entropy change is given when Equation 
(A.22) is subtracted from Equation (A.26). 
p ^ - Div (q) - J - (-E) -- p % • (E - E) (A.27) 
m dt m dt eq 
- P & • '(B -B) 
m dt eq 
ds Div ,-, J • E m dp ,- -, ,. r,oN 
P m d T = "• — ( q ) + " — - T dT • (Eeq " E ) (A'28) 
_ !lB. dm . (B - i) 
T dt ^ eq } 
61 
The terms which are caused by the varying magnetic and electric 
fields are (the system is at rest and homogeneity is implied): 
* = - ^ - § - (E - E) - ^ # - (I - B) (A.29) 
p T at eq T dt eq 
Equation (A.29) represents the entropy production from the 
irreversible phenomena associated with polarized systems. The magni-
tude of these terms will be shown to be inversely proportional to the 
relaxation times. 
Considering the case of the magnetic relaxation, and noting that 
the electric relaxation is handled in a similar fashion, the expression 
for entropy production is: 
a = - ~ H ' (§ .„ - B) (A.30) 
m I 3t eq 
For an isotropic system the fundamental law for irreversible 
thermodynamics states that the linear' phenomenological law correspond-
ing to Equation (A.30) may be written (assuming small departures from 
equilibria), 
M = - i ( 5 B ) = - £ ( M - X B ) . (A.31) 
The inverse of the coefficient is generally referred to as the 
magnetic relaxation time, T . 
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| s " f (I-XB) (A.32) 
m 
In order to examine Equation (A.32), it is convenient to replace 
the magnetization vectors, M, B, by a Fourier transforms, namely 
-f-oo 
M(t) = ~ J {M (u) e" la)t}do) (A.33) 
27T ' 
B(t) = i / {£(w) e"lajt}do) (A.34) 
Z7T 
The insertion of (A.33) and (A.34) into (A.31) gives 
OO 00 
- ̂  J M(u>) e"ia)tdoj = - i. f (M(o>) - xB)e"ia)tdoo (A.35) 
-.00 —00 
Removing the integral sign and clearing: 
i i wM - M + XB = 0 (A.36) 
m 
Since'M = xB, Equation (A.36) becomes 
* = (1 - L T T = (1 -"ia ) • (A-37) 
m m 
A similar relationship is also developed for the electrical 
susceptibility: * 
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fC = J- r- = j - : r- (A. 38) 
(1 - ioj T ) (1 - la ) 
e e 
It is seen that if a is much smaller than unity, the polarized 
susceptibility reduces to the static case. For example, these condi-
tions exist if the relaxation times are slow. The relaxation time for 
bismuth is of the order 10 (35) and if the applied frequency is 
-9 
small--60 cps—then a is order 10 (35). 
e 
Since this investigation considers only 60 cycles per second 
fields, the electric and magnetic tensors reduce to the isotropic 
scalars, i.e. 
X = X , « = < (A.39) 
It is seen that for the low frequencies involved in this experi-
ment the static fields are assumed to be equal to the non-equilibrium 
fields and therefore the entropy producing terms due to polarization 
phenomena are zero. 
1 <j|. (g - i ) = i p £ • (B - B ) = 0 (A.40) 
T m dt eq T m dt eq 
Rewriting the entropy balance Equation (A.28) and expressing 
the term for thermal flux in a different form by using the relation, 
Div (q/T) = (Div q)T + q • Grad (1/T) , (A.41) 
the following equation for the entropy source is obtained: 
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°s = §§• + Div (q/T) - q • Grad (1/T) +
 J ^ E (A.42) 
This equation gives the appropriate fluxes and affinities to 
develop the necessary linear relationships from the theory of irrevers-
ible thermodynamics. This theory may be stated as: 
It is known empirically that for a large class of irreversible 
phenomena and under a wide range of experimental conditions, the 
irreversible flows are linear functions of the thermodynamics 
forces, as expressed by the phenomenological theories of irrevers-
ible processes. Thus, e.g. Fourier's law for heat conduction 
expresses that the components of the heat flow are linear func-
tions of the components of the temperature gradient and Fick.'s 
law establishes a linear relation between the diffusion flow of 
matter and the concentration gradient. Also included in this kind 
of description are the laws for such cross-phenomena as thermal 
diffusion, in which the diffusion flow depends linearly on both 
the concentration and temperature gradients. If we restrict 
ourselves to this linear region we may write quite generally 
J. = I L X. , 1 ? 1 ] < y. 
where J. and X. are any of the Cartesian components of the 
independent fluxes and thermodynamic forces appearing in the 
expression for the entropy production, which is of the form 
a = I J. X. . 
s r l " 'i 
I 
The quantities L. are called the phenomenological coefficients 
and (1) will be referred to as the phenomenological equations. 
(30) 
Applying the above theory to the entropy equation (A.42) the 
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(A.43) 
The utility of Equation (A.43) is greatly increased if the experi-
mentally controlled variable, J, is placed on the right side and the 
2 
factors T and -1/T are included in the new kinetic coefficients. In-
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where the new coefficients are functions of r\, , and the temperature. 
The first coefficient A is related as 
nllT 
11 9 2 
(«11 + "l2> 
(A.45) 
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The kinetic coefficients are now replaced by the descriptive 
coefficients which are defined as: 
The absolute thermoelectric power, 
e = -E / |2- , when J = J = ~ - 0 (A.46) 
r dr • v z Sz 
hence e = A . (A.47) 
lo 
The isothermal electric conductivity is, 
9r 9z z 
hence a - 1/X_,. 
e 11 
The isothermal heat conductivity is, 
1 = J /-E = -J /E (A.48) 
e r r r r 
| r * l 1 ^ J = 0 , (A.49) 
k = q / ~ , when J =J = ? = 0 (A. 50) 
r̂ 3r ' r z 3z 
hence k = A . (A.51) 
o o 
The isothermal Hall effect is defined as, 
3 T 3T 
R = -E /BJ , if J7 - ~ = ̂  = 0 (A. 52) 
H z r' Z 3r 3z 
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hence R = A10/B . (A.53) 
n L2. 
The isothermal Nernst-Ettinghausen effect is, 
A = E /B |£ , when ~ = J = J = 0 (A.54) ne z 9r 3z r z 
hence (6) 
A = A /B (A.55) 
ne 14 
and the Leduc-Righi effect is, 
L = |^/B ̂ , if q = J = J = 0 (A. 56) 
3z dr z z r 
hence 
L = X A B . (A.57) 
It should be noted that the last three descriptive coefficients 
are functions of the magnetic field. Applying the descriptive coeffi-








































Equation (A.58) is referred to by Callen as the fundamental set 
of dynamical equations for the direct current problem. This result is 
in complete agreement since the quantities contributing to the matrix 
set from polarization phenomena have been shown to be negligible in the 
case of bismuth at low frequencies, 60 cps. Therefore, the alternating 




DERIVATION OF EDDY CURRENT RELATIONS 
If there is relative motion between a magnetic field and a metal-
lic conductor, then an induced current is established. These induced 
currents are, in general, disadvantageous and efforts are usually taken 
to minimize their production. The transformer industry is probably 
foremost in developing techniques for the reduction of these currents. 
The chief method recommended is to use thin layers, usually laminated, 
or either many separate conductors. 
In the particular problem considered, the thickness is small 
but the eddy current will be shown to be significant. Hence it is 
desired to compute the local eddy current, the zero eddy current 
radius, r , and derive an expression for the power dissipated. Re-
examining Figure 4. 
Figure 4. Eddy Currents 
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The assumption of infinite length in the longitudinal direction 
allows once again neglecting any end effects. 
Recall from Appendix A Maxwell's fourth equation 
v x E " " at (A.10) 
where B is given by the expression 
C (1/r) 
o 
B „2I(10-73 sin (art) (2.3) 
Substitution of (2.3) into (A.10) yields 
8E 9E r z 
3z &.r 
= 240TT • 10 (-)sin art r (B.l) 
since the first derivative is zero . Thus 
3E d E i T 
-V^= -r£ = -240* • 10 '(-) 
dr dr r 
(B.2) 
This may be shown as follows: 
Writing the curl of the electric field: 
71 
n 3E 3E, 
1 z I 







( B . 3 ) 
1 9 ( v \ -1 8 " r 
F 8 F ( r V " r — —' z 
8 B e 
~3T 
The magnetic f i e l d i s only in the angular d i r e c t i o n , i . e . , 
= 0 r - + B „ 9 + 0 k . (B.4) 
Equating the components and applying the infinite length condi-
t i o n s : 
3E 3E, 
1 z 
r 36 3 z 
0 
- T 




3z 3r 3 t 
If (rE ) - i - X = 0 r 3r 9 r 39 
-"z 
The condition of infinite length eliminates the following terms: 
3E„ 3E 
9 _ r_ 
3z ~ ~3z 
r: 0 (B.6) 
Hence: 
1_ __z_ 
r 3 0 = 0 
(B.7) 
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-3E -8Bn z 6 
3r 8t 
and the requirement of azimuthal symmetry gives 
3E 
Therefore the differential equation is 
(B.8) 
^ ( r E e ) , 0 . (B.9) 
Integration of Equation (B.7) gives the expected result 
E, = constant . (B.10) 
Zi 
Integrating Equation (B.8) yields 
Ez = / f d r . (B.ll) 
Equation (B-9) may be also integrated to find 
E = Const/r (B.12) 
where the constant is found to be zero from symmetry considerations. 
Thus the entire set of Equations (B.5) reduces to the equation 
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Ez = / f d r (B.ll) 
Recalling the expression for the magnetic field, Equation (2.1), 
after first performing the differentiation: 
E = / - 21 lcf
7 « 8il1 M t dr (B.13) 
z ' r 
I n t e g r a t i n g g i v e s : 
- 7 
E a [ - 2 I 10 OJ s i n cut ] Jin ( r ) + C„ 
z 3 
where oo = 27Tf = 120TT and C i s a c o n s t a n t of i n t e g r a t i o n . 
E = -240TT 10 7 I (An r ) + C ( B . 1 4 ) 
The constant C^ is easily determined since E = 0 at radius r . 
3 J z m 
Hence, 
E = (-24CH 10 7 lHn(r/rm) (B.15) 
z 
Applying Ohm's law in the simplest form, 
J = E /p (B.16) 
e z r 
and using Equation (B.5), 
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b b 
0 = / J rdrdO = — / E r d r = ( B . 1 7 ) 
J e p J ze 
£i r a 
7 7 T b 
2ir ( - 2 4 0 ) 10" — / L n ( r / r : ) r d r p ; m 
r a 
Dividing out the constant, 
J LnCr/r 0 rdr = 0 (B.18) 
a 
It is seen that the location of the zero eddy current line is 
independent of any parameter except the radius, or rather the difference 
between the internal and external radii. Solving (B.7) for r when 
m 
a = 0.50 and b = 1.00 eives 
r = 0.764 (B.19) 
m 
Then rewriting Equation (B,5) 
J = [ -240 TT2 10~ 7 I / p ] (Ln r / r ) = G I [An ( — ) ] ( B . 2 0 ) 
e r m r 
m 
Using the nominal value of the resistivity, p , for bismuth at 
room temperature 
p = 11.9 x 10~? ohm-m (B.21) 
r 
A simple expression for the eddy current is obtained. 
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Jft » zgifisliol CI Ln(r/rm)] (B.22) 
J = -63.2[I Ln(r/r )] (B.23) 
e m 
The last of the objectives of this Appendix is to determine the 
expression for the dissipation of power from the eddy currents that 
are developed. The local power is 
P = / p(J ) 2 dVol (B.24) 
e J . e 
vol 
Using the expression for the elemental volume, the average power 
per unit volume per unit length is found. 
r=b 
Pe = 2TT p f J rdr . (B.25) 






% WALL* DONALD B. MECHANICAL ENGINEERING THE TEMPERATURE PROFILE 
* FOR A NERNST-ETTIMGHAUSEN HEAT PUMP IS SOLVED BY THE RIJNGE-
* KLLTTA METHOD. THIS NUMERICAL METHON REQUIRES KNOWLEDGE OF THE 
% FIRST DERIVATIVE AT THE: INSIDE BOIJMDARY. THIS DERIVATIVE WAS 
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% SHOWN IN THE SECTION ENTITLED INITIAL DERIVATIVES WERE FOUND 
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INTEGER M,N I 
REAL XI,XO,YI,YO,RI,RO,AREA»L,JA,,I,ALFHA,BETA,TIN#TOUT,G,RHO> 
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B lNSnE*aOUTSTDE 'CnP*TB 'TT*GAMA»SLr )PE»EMFIN*EMFOUT»Z#W.QNEREDt )1 
ARRAY X, Y , D Y , D D Y [ 0 M 0 2 ? 1 j 
r i L E OUT OflW 5 ( ? » 1 5 ) > 
LABEL L 3 , L 5 . L S * B l , B 2 , B 3 , « 4 i 
L I S T A N S 2 ( X [ M ] , ( ( Y r M ] x T 0 U T - T I N ) / ( i a U T - T T N ) ) > D Y [ M ] , 0 D Y [ M l # Y r M ] x T O U T , 
EMF) ) 
L I S T A N S 3 ( X [ M ] » Q N E H N S T x * . 2 B x X t M ] x R O x L # Q r 0 N x 6 , 2 9 x X [ M ] x R O x L # Q T 0 T A L > 
^AG,QNE«EDO) ; 
LIST ANS4CC0P) } 
LIST A N S(I * J« ) I 
FORMAT F M T ( / X 9 # " T H E M A G N E T I C CURRENT I S " > F 1 5 . 2 , X 5 , " A M P S AND THE WORK I N 
G E L E C T R O N CURRENT IS"»FI 0,2, X 3 , " A M P E R E S " / / ) I 
FORMAT F>"TH/X8,"X",X12,"Y' ,,X11,"DY» ,,;<U,'«9DY , ,,X10, , ,TEMP«,X13, , ,EMF", 
X2,/> j 
FORMAT F M T 2 ( / 6 F 1 3 . 4 / ) I 
FORMAT FMT3C/6F15.a/) 1 
FORMAT FMT4(//"THE C.O.P ISw,T10,5//) t 
FORMAT FMT5(//X9*,,X»,*X9»,,9NERNST,,„X9»wflCON^,X9»wQT0TAL''#X9,HMAf, FIELD", 
X4,"EDQY(QNERNST)"//) J 




INITIAL INPUT DAT« 
EHFIN «- 0.6150 
EMFOUT •• 0.915 
TTN «• ( 2 5 . 4 X E : M F I N ) + 273.0 
TOUT «- C 2 5 . 4 X E M F 0 U T ) + 2 7 3 . 0 
V S R t « U l i PARAMETERS 
L6 I 
FDR JA «- 0,500,1000> ?000 
BEGIN 
N * -2 
N «• vj • 2 
I 4- Nxl600,0 
DO 
INITIAL VALUES 
Tl <- (TIN/TOUT) 
RO «• 0.0254 
G «• 6 3.2X1 
C 4- 2.0P-7 
Rl <• 0.50 x Rf| 
DX «- 0.50/1000 
*0 «• 1.0 
ANE «• -0.8P-3 
AtFHA *(2.0xCJAP)xcxlxANE)/KT 
BETA •• C2.0xG*CxIxANE )/KT 
GAMA f (N0*2>xRH0/(T0UTxKT) 
YDUT * 1.0 
AREA «. 0,001520 
XM «• 0.7640 
KT 4- 9.10 
L *• 3.0X0.025A 
JAP «• JA/AREfl 
RMO • 11.9P-7 








IF JAe 0 
IF JA» 500 
IF JAa 1000 
IF JAa 2000 
IF I « 0 
IF I a 3200 
IF I a 6400 
IF I a 9600 
GO TO L5 J 
IF I a 0 
IF I a 3200 
IF I a 6400 
IF I a 9600 
GO TR L5 \ 
IF I a 0 
IF I a 3200 
IF I a 6400 
IF I m 9600 
GO TO L^ J 
IF I a 0 
IF I »• 3200 
IF I a 6400 
IF I a 9600 
THEN CO TO 81 
THEN r,0 TO R2 
THEN GO TO B3 
THEN GO TO 134 
THEN OYI «- 0.02490 
THEN DYI * 0.01611 
THEN DYI <--0,00977 
THEN DYI <--0.052730 
THEN DYI * 0.03467 
THEN DYI «• 0.024410 
THEN DYI «"0.003420 
THEN DYI «"0.047850 
THEN DYI * 0.06484 
THEN DYI « 0.05195 
THEN DYI * 0.02P27 
THEN DYI *-0.023830 
THEN DYI • 0.19604 
THEN OYI • 0.165500 
THEN DYI • 0.12968 




* INITIALING THE AR3AY 
L5» xcoi *- xi J Ytoi * YT ; n r r m • D Y I i 
DDYtOl *(-OY[0]x(ALFHA + BETAKl.M()([0]/XM)*l)K(1.0/Xi:0]))-(YtO]*( 
0.50x8CTA)x(1.0/(X[0]*2)))-(GAMA»(CjAPl + G>«LN(XrO]/XM)>*?) I 
K MAIN PROGRAM 
BEGIN 
FOR M f 0 STEP 1 UNTIL 999 QO 
H «• D* 
XCM + 11 «• X[0] *• C M + J )XDX 
Kl <• <HxDY[M]) 
DK1 * ( H X D D Y M ] ) 
X1 «- X C M ] + 0.50XH 
Yi. <• Y[M] + 0,50xKl 
DY1 «• DY[MJ + 0.50X0K1 
K ? «• H x ( 0 Y 1 ) 
DKP<-Hxf(-DYlx(ALFHA + 8r.TAxLN(Xl/X.M) + n x M . 0 / X n ) - ( Y l x ( n . 5 0 x R E T A 
x(i ,0/(Xl*2)))-(GAMAK(JAP + Q* L«J(XI / X M > ) * 2 ) ) 
X? 4- x M I +H 
Y? *• v [ M ] + 2 . 0 x K 2 - Kl 
DY? «- D Y J M 3 + 2 . 0 x D K 2 - OKI 
K3 «• MXCDY2) 
DK3 <-Hx((-OY2xCALFMA + 8ETAxLN(X2/XM) + 1.0)x(l,0/X2))-(YPx(0.5 
*BETA)x( l.o/(X2*2)))?(GAM«x(JAP • &*t.N< X2/XM ) ) *? ) ) 
YfM + 11 «• Y[M] + ((Kl + G.0XK2 * K3)/6,0) 
OVCM + M «" DYtM] * ((OKI + 4 , 0 * D K 2 4- DK3)/6.0) 
i)DY C M+ 1 3 «• C-DY[M+iix(ALFMA + 8£T A*LN( Xt M+ 1 ] /xM ) + 1 . 0 ) x( 1, O/X [ 









BOJNDARY CONDITIONS TEST 
Hi <- 10.00 J LD •• -10.00 
I F (YMOOO] -YOUT> < -o .ooo i THEN GO TO L I 
IF ( Y[1000J-YOUT) < 0.0001 T4EN GO TO L? 
GO TO L3 
HI * OYI J r,0 TO L* 
LO «• DYI \ r,0 TO i n 








FOR M •• 0 STEP 20 UNTIL 1000 00 
TEMPERATURE PROFILE 
EMF «• (((Y[M)xT0UT)-273.0>/(2'i.*0O)) 
HRITE(0Brt»F-MT2*ANS2) I END 
W R I T E C 0 B W , F ^ T 5 ) 
FOR M «• 0 STEP 2 0 0 * ' J N T I L 1 0 0 0 0 0 
M A G «- cxi/cROxurM]) 
GNJERNST «• -HAGXAN)EX( JAP-»-r,xi,N(XtM]/xM^ )xYCM]xT0(jT 
QCON 4- - KTxDY[M]xTOUT/RO 
QTOTAL *• 3C0N * ONfRNsT 
a^EREOO «• -MAGxANExGXLN(XfM]/XM)xYrH]xTOLlT 
IF M a 0 THEN QINSIDE * QTOTAL 
Ir M a 1000 THEN OOUTSIOE * 3T0TAL 
^9ITE(08"*FMT3»ANS3) J END 
IF QOJTSIDE K OINSTDE > 0,00 THEN 
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9 E G 1 N 
Appendix C 




Z <• !HMSIt)E*(RI) 
W <- 'jnUTSIDExtROJ 
l F Z > 0,0 THEN 
COP «• 1 . 0/C 1-C ?/W) j 
COP *• 1 • 0/ C 1 *»<«l/2 > 3 
C0=> •• 999.666 t% irHIS OUTPUT TS INVALID COP 
W R J T E C D 9 W * F M U , A N S a ) 
ENDJ 





Selecting a method for any temperature measurements requires 
numerical understanding of the required degree of precision. It is a 
fundamental truth that all measurements are merely imperfect attempts 
to determine an exact natural state of condition. The actual value 
of the desired quantity will never be known. Hence, the actual error 
between the real value and the observed value should be discussed only 
in terms of probabilities. That is, the error probably is correct to 
within a certain specification (36). 
The error resulting from reading instruments, small disturbances, 
or fluctuating conditions are small and classified as random errors. 
It is estimated that the total random error is less than 5 per cent. 
There are four main sources of systematic error in this experimental 
apparatus. The largest of these should be the known location of the 
temperature sensing plane of the thermocouple bead. The dimension of 
the test sample in the radial direction is one-half inch and within this 
space, six thermocouples are placed. Each thermocouple bead is 0.020 
inches in diameter. This single fact alone shows that approximately 
20 per cent of the radius Is thermocouple material. The exterior 
thermocouples, TC 1 and 6, are placed on the inside of the test speci-
men and consequently do not indicate the surface temperature but 
rather the temperature near the surface. It is estimated that the 
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location of these thermocouples is 0.04-0 inches, two bead diameters, 
from the surface. The other thermocouples are evenly distributed. 
It was desired to place the thermocouples as the following radii: 
TCI located at 0 540 radius 
TC2 located at 0 .600 radius 
TC3 located at 0 .700 radius 
TC4 located at 0 .800 radius 
TC5 located at 0 .900 radius 
TC6 located at 0 960 radius 
The thermocouples were aligned initially in the mold by placing 
them on a polar grid between the break-a-way sections of the mold, 
next tightening down the mold, and then removing the grid. The bismuth 
metal was then melted and poured around the thermocouples. It may be 
expected that some movement of the thermocouples occurred during the 
casting process, however, the error in the initial placement and as a 
result of any movement afterwards is considered less than 10 per cent. 
In this regard an error calculation is performed using a 10 per cent 
variation in location. 
The second largest error is the result of the insertion of the 
thermocouple within the test specimen. As was mentioned above, the 
thermocouples occupy approximately 20 per cent of a radial line drawn 
from the interior to the outer surface. In order to analyze this 
effect--the insertion of foreign material within the test specimen— 
an analytical model which represents at least the largest error is 
developed. As before, the longitudinal and azimuthal heat fluxes are 
zero. 
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Consider, in place of a thermocouple, a shell of thickness equal 
to the bead thickness (0.020 inch) is placed at the thermocouple loca-
tions. The shell is constructed of copper which has essentially the 
same properties as copper-constantan junction. This is acceptable 
since the properties of copper are further removed from the properties 
of bismuth than the material constantan. A cross section of the 
analytical model is given in Figure 21. 
BISMUTH 
Figure 21. Analytical Model Used in the Error Analysis 
The surface temperatures, T and T , are the same as considered 
in the analytical investigation. The radius of each shell is identi-
cal to the radial distance of the thermocouples. The problem thus 
resolves to a mathematical treatment of this "sandwich" construction 
and then to compare the resulting temperature profile with the pure 
bismuth profile. The difference between the two profiles indicates 
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the amount of error introduced by the presence of the thermocouple 
material. 
It is apparent the differential equation, (2.13), will remain 
the same with the only adjustment being the changes in the properties 
of the material. The magnetothermoelectric properties, except the 
thermal conductivity and the electrical resistivity, are considered 
zero for the copper material. 
The differential equation for the copper shells is 
d2Y' 1 dY- Pcu ̂ ^ n , . 
"Z2-+ x dlT + T7T = 0 ^-^ 
dX b cu 
Both Equations (D.l) and (2.13) therefore must be used together 
to calculate the temperature profile for the "sandwich" construction. 
The initial computer program was modified to include this adjustment. 
The program was developed to integrate Equation (2.13) from the inner 
radius out to the first shell located at x = .540. From this location 
out to x = 0.560, the copper Equation, (D.l), was applied. At 
» •' 
x = 0.560 the bismuth Equation (2.13) was then reapplied and this 
process was continued out to the exterior surface, x = 1.00. The dif-
ference in the bismuth and bismuth-copper temperature profiles is shown 
in Figure >22 • The percentage error given for x = 0.800 is seen to be 
less than 4 per cent. 
The other main contributors to the total error is the accuracy 
of the electrical current measuring devices. The ammeters used for 
measuring both the working electrical current, J, and the magnetizing 
= AT' = .8058 - .8J42 = _3I4. /D 
T' .8342 
x = 0.8 
-.2 
1.0 
X, DIMENSIONLESS RADIUS 
Figure 22. Comparison of Bismuth and Bismuth-Copper Temperature Profiles. CO 
OA 
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current, I, were stated to be within 5 per cent accuracy for full scale 
deflection. Therefore, it is reasonable to assume that the error in 
either J or I is approximately 5 per cent since the observed values 
were near full scale deflection. 
A functional relationship is derived for the maximum systematic 
error which, may be present. This error can be expressed as 
Error = Error (J,I,x) and Error (Copper-Bismuth). 
That is, the error which can be expected is composed of two 
error sources. The first group contains the error of those quantities 
which are measured. The second group is the error introduced from 
the insertion of the copper-constantan thermocouples. 
Since the calculated error will be different for different 
values of the parameters, the particular situation of maximum current 
used in the experimental tests, for both J and 1 and a location of 
x = 0.80 0, is taken as an example. 
The amount of the working electric current, is 1000 amps; 
therefore, the variation AJ, due to instrument accuracy of 5 per cent 
is ±50 amps--a spread of 100 amps. Similarly, for the magnetizing 
current of 6400 amps, a 5 per cent variation AI, is ±320 amps. 
The error due to the measured quantities can be expressed 
in a functional relationship as 
ay i 
Per cent error = -yi- = yT 
3Y' JT 3Y' ,T 3Y' • 
dl + rr- dJ + -T7T- dx ,31 9J 3X 
(D.2) 
where the non-dimensional temperature, Y', is expressed as 
Y1 = Y'(I,J,x) (D.3) 
Replacing the partial derivative equation by the approximate 
finite difference equation, 
Per Cent Error 
AY' _ 1_ 
Y Y' 
AY' AX AY' AT AY' AV -—- AI + --— AJ + — — AX 
AI AJ AX (D.4) 
The first coefficient, AY' / AI ,_, which is considered at J = 1000 
amps and x = 0.800, is computed from the computer program. This 
coefficient is 
Y' VAI ; 
.8726 - .8076 , . , -4 -1 
• 8542 (6W) = 1'2 * 1 0 aI°P 
1 AY' 
The second coefficient, ̂ rf (.y •), is also taken at I = 6400 amps 
and x = 0.800. 
1 ,AY' .8836 - .7902 . .. -4 -1 
W (AJ~) = .8342 (100) = 9"34 X 1 0 a m p 
1 AY' 
The third coefficient, —r (": )» is 
' Y' Ax 
Y1 Âx } 
.8538 - .8137 . oor . , -1 = 4835 inch 
.8342 (.010) 
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Placing the above coefficients into the error equation, (D.4), 
gives, 
Error (J,I,x) = 1.2 x 10~^ (640) + 9.34 x 10"4 (100) (D,5) 
+ 4.85 (0.010) - 19.99 x 10~2 
The probable error from observing The measured electric cur-
rents, I and J, and of raeasuring the exac: location of each thermo-
couple is less than ±11 per cent. The total error obtained from both 
error sources is 
Total error = ±11% - 3.4% ^ -14.4% or + 7.6% 
The error caused by the insertion of the thermocouples is 
negative. This makes the error band asymmetrical. An error of +7.6 
per cent and a larger error of -14.4 per cent is probable. The 
error band is plotted in Figures 17 and 18. These graphs give the 
analytical curves, the error band, and the actual measured data 






Powerstat, variable transformer 




S10n05S07D, 7 1/2 KVA 
Trans former, variable 
General Electric 
Volt-pac-SN9H95MF50X, 0-240 amps, 0-240 volt 
Current Transformer, ammeter 




0-10 a.mps ac 
Potentiometer 
Leeds £ Northrup 
Type K3 
Galvanometer 
Leeds 6 Northrup 
Light type 
Cat. 2430-A 
Thermocouples, copper-constantan, 0.008 inch 
Omega Engineering, Inc. 
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APPENDIX F 
SPECTROGRAPHIC ANALYSIS OF TEST SPECIMEN 
A spectrographic analysis of the bismuth specimen showed the 







Arsenic less than 0.001 
Bismuth 99.983+ 




The following properties used in this investigation are taken 
from the references indicated. 
p = 1.18 x 10 ohm-m (27) 
r . 
n 
k~. =8.1 Watts/°K m2 (27) 
Bi 
A = 0.8 x 10 3 °K m2/sec (20) 
neBi 
p = 1,7 24 x 10 8 ohm-m (37) 
cu 
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